In this paper, we give sufficient conditions to guarantee the asymptotic stability of the zero solution to a kind of delay nonlinear fractional differential equations of order α (1 < α < 2). By using the Banach's contraction mapping principle in a weighted Banach space, we establish new results on the asymptotic stability of the zero solution provided that g (t, 0) = f (t, 0, 0) = 0, which include and improve some related results in the literature.
Introduction
Fractional differential equations with and without delay arise from a variety of applications including in various fields of science and engineering such as applied sciences, practical problems concerning mechanics, the engineering technique fields, economy, control systems, physics, chemistry, biology, medicine, atomic energy, information theory, harmonic oscillator, nonlinear oscillations, conservative systems, stability and instability of geodesic on Riemannian manifolds, dynamics in Hamiltonian systems, etc. In particular, problems concerning qualitative analysis of linear and nonlinear fractional differential equations with and without delay have received the attention of many authors, see [1] - [13] , [15] and the references therein.
Recently, Agarwal, Zhou and He [2] discussed the existence of solutions for the neutral fractional differential equation with bounded delay ( C D α (x(t) − g(t, x t )) = f (t, x t ) , t ≥ t 0 , x t 0 = φ, where C D α is the standard Caputo's fractional derivative of order 0 < α < 1. By employing the Krasnoselskii's fixed point theorem, the authors obtained existence results.
The delay fractional differential equation
has been investigated in [1] , where d α dt α denotes Riemann-Liouville fractional derivative of order 0 < α < 1. By using the Krasnoselskii's fixed point theorem, the existence of solutions has been established.
In [6] , Ge and Kou investigated the asymptotic stability of the zero solution of the following nonlinear fractional differential equation
where C D α 0+ is the standard Caputo's fractional derivative of order 1 < α < 2. By employing the Banach's contraction mapping principle in a weighted Banach space, the authors obtained asymptotic stability results.
In this paper, we are interested in the analysis of qualitative theory of the problems of the asymptotic stability of the zero solution to delay fractional differential equations. Inspired and motivated by the works mentioned above and the papers [1] - [13] , [15] and the references therein, we concentrate on the asymptotic stability of the zero solution for the nonlinear fractional differential equation with variable delay
0+ is the standard Caputo fractional derivative and we denote the solution of (1.1) by x (t, φ, 0). To show the asymptotic stability of the zero solution, we transform (1.1) into an integral equation and then use Banach's contraction mapping principle [14] . This paper is organized as follows. In section 2, we introduce some notations and lemmas, and state some preliminaries results needed in later sections. Also, we present the inversion of (1.1). In Section 3, we give and prove our main results on stability.
Preliminaries
We introduce some necessary definitions, lemmas and theorems which will be used in this paper. For more details, see [7, 8, 13, 14] . Definition 2.1 ( [7, 13] ). The fractional integral of order α > 0 of a function x : R + → R is given by
provided the right side is pointwise defined on R + .
Definition 2.2 ([7, 13]).
The Caputo fractional derivative of order α > 0 of a function x : R + → R is given by
where n = [α] + 1, provided the right side is pointwise defined on R + .
Lemma 2.3 ( [7, 13] ). Let <(α) > 0. Suppose x ∈ C n−1 [0, +∞) and x (n) exists almost everywhere on any bounded interval of R + . Then
In particular, when 0 < <(α) < 1,
Remark 2.4. From Definitions 2.1, 2.2 and Lemma 2.3, it is easy to see that
(2) The Caputo derivative of a constant is equal to zero.
The following Banach space plays a fundamental role in our discussion.
Then E is a Banach space equipped with the norm kxk = sup t≥m 0 {h(t) |x(t)|}. For more properties of this Banach space, see [8] . Moreover, let
if and only if x is a solution of the Cauchy type problem
is a solution of (1.1) if and only if
) be a solution of (1.1). From Lemma 2.5, we have
On the other hand, for any given t ≥ 0, similar to the argument in section 3.5 of [7] , it is easy to see that there exists at least one R ∈ C ([0, ∞)) satisfying (2.3). Besides, for any R ∈ C ([0, ∞)) satisfying (2.3), we can get that R (0) = 1, R 0 (t) = kI α−1 0+ R(t), and
For fixed t > 0, we can conclude that
Considering (2.5) and (2.6), we have
Since each step is reversible, the converse follows easily. This completes the proof. 2 Definition 2.7. The trivial solution x = 0 of (1.1) is said to be (i) stable in Banach space E, if for every ε > 0, there exists a σ = σ (ε) > 0 such that |φ(t)| ≤ σ implies that the solution x(t) = x(t, φ, 0) exists for all t ≥ m 0 and satisfies kxk ≤ ε.
(ii) asymptotically stable, if it is stable in Banach space E * and there exists a number σ > 0 such that |φ(t)| ≤ σ implies lim t→∞ x(t) = 0.
Main results
In this section, we shall present and prove our main results. First, we define the operator T : E → E as follows, (T x) (t) = φ(t) if t ∈ [m 0 , 0], while, for
where
We introduce the following hypotheses. (h1) There exists a constant M 1 > 0 such that
(h2) There exists a constant ν ∈ (0, 1) such that
(h3) g and f are continuous functions and g(t, 0) = f (t, 0, 0) = 0. Also, there exist constants β ∈ (0, 1),
for all kxk , kyk ≤ l. Next, we will prove that for any ε ∈ (0, l], there exists a σ > 0 such that for |φ(t)| ≤ σ, the unique solution x of (1.1) satisfies kxk ≤ ε.
Let ε > 0 (ε ∈ (0, l]) be given. For all t ≥ 0, we have
ε. Obviously, =(ε) ⊆ E is a closed convex subset and the operator T is continuous. Then for any given x ∈ =(ε), |φ (t)| ≤ σ, we have
Therefore, T : =(ε) → =(ε). Furthermore,
is a contraction. It follows from the Banach contraction mapping principle, that T has a unique fixed point x ∈ =(ε), which is also the solution of (1.1).
On the other hand, for any solution x of (1.1) and any ε > 0, there exists a σ =
Thus the trivial solution of (1.1) is stable in the Banach space E.
2 Before showing our main results on the asymptotic stability of (1.1), we introduce two new Banach spaces
equipped with the norms kxk E * = sup t≥m 0 |x (t)| and Then the trivial solution of (1.1) is asymptotically stable in the Banach space E * .
Proof. Similar to the argument in [6, 7, 8] , it is easy to prove that there exists at least one solution of (2. 
which means that T : = * → = * . Therefore, the trivial solution of (1.1) is asymptotically stable in the Banach space E * . 2
